
it. 1 ...... z ....

_L

- .], .

- I_ " "_"",: "_,i._ - _ , : ' _"._L+_._ "-. .- " "_- , : '",_47-.? ...... :" U-7 i-'a ° _'_'"_ "_"" _--.,_'_', " "
- _ - _'r "_._- _ "+ - - " !Ii. " " _ ...... -..,_- " " - ..... -- / _" -_ • ". - "-

.... 2._',;i:_ -"- _i'. < ":'_:_-_=; - __-"i._" ....._i " _- " " " -+-'_.U,_ .C"-_ -- .... -._[ ....
- ":. <" .- ' " . • _.D'i:._;_'- 7 ., ,,_, ,._ , ... , .7_.. _ ,:._#_i_ . ,_: -., . _._- _, • . ,._ • _ , _ . . -

• . .. : - _. _ .._ -- . .... . .... I . :,._'_ _'I,AE + -. - - _-_ : , : "_" - - ..-.*..!_ - _ - ..'-'_ _ - 4., .'_ - = "

: +_.+-..r_ - _;:..,'j. ,F.-'_=_f:_,-_-'_-_., . :.._,,_2"_-'--_" "'-'-.: "!J: -" .-.'- -__-.'=_ - -)- "-+'4 "" .. --"- ;'. 1-" : - :, "

---: "_: 111SI'C_-I_60001 - IE_ODYNIMIC HEITI_G FOR N76-71102

- _ '_i _EDGE/_EDGE OR CO_E/CC_E lit _NGLES OF _TTkCK

-_:_---_:_ _RO_ Z_RO TO _PPROXI_TEL_ "0 DEG: DIGITAL i_ ,_
--;-_;-ICO_P_TE_ PROGRA_ _ZLDI005, FOrTRaN g, IB8 Unclas i "

" -;--_._36.0/91. (Fairchild Hiller Corp., Rive_dale, 00/_..98 0_137 J-"

•

Xg."= '

!



i

/YOT_ :

D ,' L"/ ,_I..<., oc -__o

A-f pL _c,#6z_

I

Report No. _I-I16

AERODYNAMIC I!EATIh_ FOR WEDGE/WEDGF OR

CON3,:/CONE AT ANGI,ES OF ATTAC_f FROM ZERO

TO APPROXIMATELY 40°: DIGITAL CO_£N?ER

PROGRAM NZI,DWOO5, FORTRAN IV, IBM 360/qi



REPORTNO. ER- i16

NOVEMt_ER [968

Prepared by:

• _ , , 0

I,. D. Wing ,J

Approved by:

KJ_._Jtf__ _ "_

C. G. Thomas

Manager, FIigh_ Performance

E. C. Aaron

1)irector, Beltsville Operations

Fairchild Hiller Corporation

Technical Services Division

k._j

AF,RODYN_vlIC IIEATTNG FOR WEDGE/WEDGE OR CONE/CONE AT

ANGLES OF ATTACk-FROM ZERO TO APPROXIMATELY 40°:

DIGITAL CO_f[_I_ER PROGRAM NZLDWO05, FORTRAN IV,
IBM 360/91

ii



S L_vlMARY

NZLDWO05 is an aerodynamic heating program designed particularly to

handle the case of a w, hicle composed of a sharp nosed, conical section

followed by a conical section of lesser half-angle. Ttle eff_:.cts of the

crossflow arising from low to medium ( <30 ° ) angle of attack are included.

The output consists of heat rate and wall shear stress profil(,s along tile

windward generator. A selection may be made by the operator as to whether

tile pressure on the downstream cone is derived as the asymptotic cone

pressure (_he pressure which _¢ould exist if 8he entire body conslste(l of n

cone of the after-cone half angle at the applicable angle of attack) or as

the pressure resulting from a real gas in equilibruim Prandtl-Heyer expansion

from the fore cone to the aft cone. A similar problem consisting of a wedge

followed by a wedge of lesser half-angle can be run at the operator's option.

The output is analogous to the cone/cone case but there is, of course, no

crossflow effect. Whenever a conical body ks run, the program calculates

and prints out the pressure variation along the downstream cone as derived

by the shock-expansion method of Syvertson and Dennis. The pressure

distribution so derived is printed out solely as extraneous data ancl is NOT

used in any way in the program heat transfer or friction coefficient calculations.

This pressure distribution on the downstream cone is strictly vali(l nnly at neg-

ligible angle of attack and so should be ignored if the angle oF attack is

greater than five degrees.
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PURPOSE

The purpose of tile IBH digital program NZI,DWOO5 is to compute, for

both laminar and turl)ulent flow, the heat transfer rat(, from th(, boundary
iayer to the wall, the heat transfer coefficient, the |c_cal Flc_w con-

ditions external to tlle boundary layer, the wall shear stress, the friction

coefficient, and the b(mndary layer reference conditions alnng tlm windward

generator of wedge/wedge or cone/corm bodies at arbitrary (up to_,30 °) angle

of attack. The pro?ram is valid for air ollly and assumes the Flow t(_ be a

real gas in equili, brium.

Calc,llat[on of the shock-e×pans/on pressure distribution on the

downstre_n cone (only) is included. Tllough this pressure (list ribution

is NOT used in the program, it is pri. nted _)ut so the op(-rator may estimate

the effect of aftcone actual pressures as opposed to the asymptotic cone

or Prandtl-Meyer pressure (electi.ve) used by the program, l.f it appears

warranted, the operator can then elect to use the shock-expansion pressure

distribution to run additional studies using a heating program capable of

accounting for pressure gradients (e.g. NZI,DWOOI, Reference 1).

GFNER_U_ D°F:_CRIPTION

The configurations which an be analysed by NZI,DWOO5 are limited to

cone/cone or wedge/wedge bodies having sharp noses or l(,ading edges. In

both cases, the downstream cone or wedge half-angle (0 C or 0 W) must be

smalIer than the upstream body half-angle. Since the pr(_grnm is provided

with a counter which differenr, iates between two-dimensional and quasi-tl_ree-

dimensional fl(_w, the term "cone" will be understood to mean "cone Mr wedge,

as applicable" in this section of the report. The configurations are sl_own
in Figure 1 w'ith identifying terminolr}gy.

Tile prob.,ram requires that the nose shock wave be attach(,d so the

|)(_d[es investigated must Imve relatively sharp noses. Obviously, no

physically meaningful body has a perfectly sharp nose. Th(_refore,

judgement is required in the application of the program to each individual

problem. The degree of nose bluntness will determine the. mass of air which

will pass through a near-normal shock wave at the nose tLp with a consequent

sharp increase in the entropy of this air. As the high entropy air passes

around the body, it effects the local flaw properties external to the boun-

dary layer until it is either absorbed into the bounHary layer or swept

away from the body by the crossflow arising from the body angle of attack,

In general, the most extreme effect of the high entropy air is felt when

the angle of attack is zero, but even in this case the _ffect c_tends only

some five to ten nose diameters do_vn the body From the nose. Since the

high entropy jump across the near-normal shock causes a decrease [n heat

transfer to the body wail. from the boundary layer, Et _s usually censer

vat[re to assume an attached (obli.q._e) nr_sf, shc_ck. '['hus NZI,DWOO5 is quite
valid except in the immediate vicinity _f tl_e nose. [f it i,_; (l_.sir(.d t_,

make a d_.ta(:h_:d nose sllc_Ck :_,ml'csts I.o (,val.ate l_eating mM sh¢,ar sl rt,ss

conditions around and In th(: vicinity of the bluJlt nc_s(., an(_tll(,r program
(NZI,I)WOC)I, Referr.nce 1) is available for this purpose.

- 1 -
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_t is important to bear in mind that if Lhe cone angle (plus the

angle of attack) gets large enough to result, in separation of the shock:

wave from the body, this entire analysis is invalid and i.t will t)e nec-

essary to switch to a "pure crossflow" type of analysis whi.ch can be

closely approximated by NZLDWO01 (Reference 1), This is the primary

reason for limiting the applt(:ability of the progr_n to moderat_, angles

off attack. The "cone angl(, plus angle of attack" at which the shock would

separate from the body varies with the Macb Number but, in general, a reason-

ably conservative assumption of a maximum value for this angl,' WOILI(I be about

40 deprees.

One of the options at the disposal of the operator is the election to

use asymptotic pressure or pressure deri.ved from a real gas (in equilibrium)

Prandtl-Meyer expansion on the downstream body. Again, judgement is required

in making this selection since there is no convenient method for determining

which method to use in a specific case. ]f one considers a l)ody system

having an e×tremely large length to diameter rat:i.o (very slender body), then

the pressure somewhere far back on the aft cone or wedge will indeed approach

the asymptotic value. However, if the body is relatively stubby, the Prandtl-

Meyer expansion pressure i.s probably a better esl_imat(,, Of course, th(, most

accurate method would make use of the shock-f.xpansion pressure distribution

on the downstremn l)ody (as derived by this progr_ml but used as inpul to a

pressure gradient heat transfer analysis program). The present program,

it must be rem_,mbered, considers the asymptotic pressure (a constant) on the

forebody and either th_-_ asymptotic or the Prandtl.-Meyer (elective) pressure

(a constant) on the aft body.

Also worthy of mention is the fact that NZI,DWO05 automatically cal-

culates each problem considering first a laminar and then a turhul(,nt

boundary layer. Both laminar and turbulent valut.,s ar_ printed out. ]t

is entirely within the responsibility of the operator to d_termine whicll

assumption id valid. The machine merely preser_ts both calcul,'ttions.

Clearly, in eases where the turbulent value for a given station i.s less

than the laminar vaIile,'then it would be nonsense to assume turbulent

flow using the program's analytical techniques regardless of what any

other crireria (such as local Reynolds number or Momentum thickness

Reynolds number) might-indicate.

In brief summary, the seq,..mnce of operations of the program are

as follows:

a, Read all input data.

b. Call. the atmosphere subroutine: TBI,AI,T (1959 ARDC atmosphere)

with the input altitude and come out: with all desired "free

stream" thermodyn_Mc and transport properties ,_f air.

C, Estimate the prr_ssure and temperature (ambient) behind the

nose shock and using the oblique shock real gas r_mtin(,, converge

on th_ _ post--shoc k aci:ual thermal and transport properties c_l:air.

These properties are _:he correct ext(:rnal-to-bnundary layer values

for the forward veedge (2 dimensional case).
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d° Use th{, energy and momentum conservak[on equations to proceed

from the post-oblique sl_ock conditions to conditions external-

to-the-boundary layer oi_ the forward cone m,rI=ace (axisymmetrfc

CaSe) .

e, Obtain asymptotic properties on the aft Wedge by tile same method

as (c)_ above, but using the downsliream l)ody half-angle plus

angle of attack.

Use the methods of (c) and (d), above, with (!ownstream cone

half-angle plus angle of attack to get the downstceam cone

as}anptotLc external-to-boui_dary-layer prapertir, s.

g, Use the real gas Prandtl-Meyer expansion routine to obtain the

P-M Local flow properties on the downstream cone of wedge.

' (Note that the selection of (f) or (g) for heating and shear

stress analysis on the downstream body is a program input).

h. Get wall. properties (properties of air at local pressure and

wall temperature) on forebody using the asymptotic body pressure.

i. Get boundary layer reference properties on forebody using

asymptotic pressure.

jo Get downstream body wall properties using either P-M expansion

pressure or asymptotic pressure (as elected in input) on cone

or wedge.

ko Cet downstream body reference properties using either P-hi

expansion pressure or asymptotic pressure (as el{,cted in input)

on cone or wedge.

I. Get heat rates, friction c(mfficients and shear stresses oT_

fore.body (laminar and turbulent botlndary layer].

c° Cm. Get laminar heat rates, friction coef_l..ienl-s and shear stcesses

on aft body.

n, Get turbulenP }mat rates, friction coefficients and shear ._tresses

on aftbody. (Note that ealcu[ati_ns (m) and (n) will he based

upon P-M or asymptotic downstream body pressur(:s depending upon

which pressure the operator has requested in input).

o. Get local pressure distribution on downstream con{. (only) by

Syvertson and Dennis shock expansion method.

The mathematical means of accomplishing the above t,lsl<s, (a) through

(o), are discussed i.n the Theory Section and App,.halites A, E and C.

kJ

DIS C USS ].ON

Certain general observations can be made about NZLDWO05 although only

repeated comparison with available test data can finally demonstrate the

_



dr, gree of accuracy of the program. The general applicability of the

pr, rtinent thr._ory is discussed in the applicable references cited in

the "Theory" section of this report. It should be holed, however,

that only limited data haw. been tested against the theor(_tical prediction

of the effects of cross-flow on the heat rates of cones at (up to) moderate

angles of attack (note that _ +#C should not exceed 40 ° and is more pro-

bably valid only up to 25 to 30 degrees).

Selection of P-M or Asymptotic Flow on Aftbody -

In general, it will be found that the selection of asymptotic pressure

on the aftbody (JJJ = I) will result in the higher heat transfer rate pre-

diction. It is probable tllat these heat rates will be too high, particularly

for relatively short w, hicles (lengtll to base di,uneter ratios of I_1 or less).

However, the assumption of Prandtl-Heyer expansion (JJJ = O) leads to heat

rates on tile aftbody which are slightly lower than should be anticipated.

There is, of course, a distinct danger of overgeneralizing b(,cat, se conditions

of flight may produce unexpected variations from the "most probable" results

discussed here. When tunnel or test data are available which are represr, nLa-

tive of the actual flight conditions, it is suggested that data be run both

ways, particularly in the regions of maximum heating and the rema(ncl_,r he run

using the most successful assumption for the JJJ counter. Tn the absence of

any experimental data, the "best guess" at the theoretical heat rate distri-

bution on the aft cone will probably result fromrunning JJJ == I (asymptotic

pressure on aftbody) and scaling the resulting aftbody heat rates down by

the ratio (at each station) of: (local PLOCC2/PC2) x ((_LAM2) or QqT2 for

the turbulent boundary layer.

Since P. LOCC2 i.s the Syvertson and Dennis shock-expansion press_lre on

the afttmdy and is calc,Jlated by the program only when cone bodies are

run, the above corruction is not available for t:he two dim_,nsional flow

case. Thus one can only t.lse the conservati.w, JJ.l = 1 value of heat rate

for the wedge case or simply run JJJ = O and 1 and numerLcally average thp

results if le:is conserva.tism is desired (this averaging m(.thod should yield

results which are closer to reality).

Accuracy of Aeroheating Analyses

The term "realistic" applied to the accuracy of aeroheat£ng analytical

methods encompasses a multitude of sins. Although one frequently sees

comparisons between analysis and flight or experimental data which "agree

within a few percent," the writer is highly skeptical of the general

significance of such data. Indeed, such orders of accuracy between theor-

etical conjecture and apparent measurement do _,xist. Hov,,ever, the "one to

7.31%" accuracies that one sees quoted can be very misle;iding. In many

practical problems of aeroheating prediction the ability I_o pr_,dict within

ten to twenty percent must be consicl(,red excel. It,n{ and a frecltlent variat-i(m

of 50 to IOOZ must be anticipated, There are simply too many approximatio|_s

and assumptions required in the theor:les to make., them pracl, ic',qlly applicable

over sufficiently wide ranges ,qnd measurement methods are similarly restric-

tive. In general, the lower tl,b total energy of the flow, th(- 1(_wer the

discrepancies between conjuration (theory) and observation (experiment).



Tt must be recognized that many of the theories employ_,d ir_ NZI,DWOO5 have

produced documenl:ed results withi:n less than 5Z but it must also be re-

cognized that these same theories appli.ed i.ndifferent flight regimes
show no such accuracy. It i.s no|: rhe purpose here to criticize available

theoreti, cal methods but solely ro emphasize the constant need for suspicion

on the part of the program user and to implore the great.est possible use of.

the best experimental evidence to substantiate the program tlmnry in the
flight regime in which it: is being asked to perform.

Cone-Cylinder Option -

Tlne capability of analysing a sharp cone followed hy a cylindrical

aftbody AT ZERO angle of attack has been provided, Tc_ apply this option,

the user sets N = I (cone flow) _tnd TETC2 (downstream cone anglr, plus
angle of attack) _ O. The program then sets the downstre;_m fl{_w selector

to uni. ty (J,l,I = l) regardless of what the user inputs and tb.e cylinder

external-t-o-boundary-layer properties are tho frr, e stream (forward of nose

shock) properties for the appropriate altitude and velocity. The effective,

surface coordinate distance at the fore end of the aft body ($2 HTNT and

$2 MINI,) are calculated and thus the momentum def,,ct across the "expansion"
is held constant.

v_J

kj
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Tll EORY

This section presents the equations used in NZLI)WIIO5 and also gives

brief d(,rivat[ons. The applicable expressions arc, enctos(,d in box':,s for

convenience in identifying the exact f.orm of the equations as they are

programmed,

Laninar Ueat Transfer Rate -

The derivation of the laminar heat transfer rate c, quation is base 1

upon Eckerr ' s r,_ference enthalpy adaptat [on of l,e_,' s moment um [ nil e_ral

equat i on for a I amJ nar boundary layer i n a presmlre, jaradi _,l_t.

Th_ initial equation [s (Reference 2):

i. J:

* I,h' I_oOe i, ] :,

Nu = _-= 0.35 fl

k _o s

where h' is the heat transfPr coefficient.

(Pr)
1/'_

(Eq I)

Using the relatfon
i

•\h, / ,

and solving (Eq [) for q (the heat transfer rate to the wall)

It (Pr) ( I_re c
qlam Cp w I, /_o s

h )
W

(Eq 2)

but, also from Refer':,nce 2,

, .k

* (_ 19
[l s : e o

[*(_e /_o

N

) (U': IU,_) (r/l,)

e ) _717 )' :,) (,u / _ ° ) (U e/L,ie, a

(l:q 31

• L

Noting that r = s sin ( 0 c - _ ), q lain = qlam ( 2N + l) " (Mangler' s

qcone q 2dim ), and the pressure gradient is zero (hence local ftow

properties are independent of S/L) get:

[

V_J

• _ 0.35 k

qI am L
CP W 9o O_..,, .n ]

(_oI ,u e ) , :

S/l,

1.

(2 i',:+l) (@eltTo) (U_/U..j

)II3
( Eq 4)

- 6 -



where _ = hre c - h and
W

= (l - Pr
• l,am w]- [l

) .he + h °

3p_/--_r 3 -._= ( l - ) he + _l'r
Turb 11 O - h W ]

( Eq. 5)

and

h* = reference enthalpy = he+hw

2
+ 0.22 _Pr (h o - h e) (l:q. 6)

Equation 4 simplifi, es to the fnrln programmed:

0.35k , 1/3 [ ] :'
lain - (Pr) (2N+l) Ue _e ( _& lam)(QRTL

CpW _ s
( Vq. 7)

When N = [, Eq. 7 is multiplied by QRTL1 or QRTL2 (Fore or afLbo(ly)

(

Turbulent lleat Transfer Rate -

The turbulent boundary layer heat transfer rate is calculated by the

Fiat Plate Reference Enthalpy n_ethod which is given in Reference 3 and

(subsequently) in Reference 4. Further justification for tl_e use of this

method may be found in R_ference 5. The fuji development is recorded in

Reference 6 and is based upon the work of E.R.G. Eckert in Reference 7.

A brief summary is given here.

From Eckert (Reference 7), the Stanton number for turbulent, in.-

compressible flow on a flat plate is

St = Cf S, = _l/_e Ue (h - l_ ) (Eq. 8)
2 tee w

According to Eckert (Reference 8), the proportionality factor_ S', can

(consistently with the reference enthalpy concepL) he expressed as

. -2/3
I

Blasius expression for the local skin friction coefficient on a flat plate

in incompressible turbulent flo, J is (pg. 537 of Reference 9):

Cf -0.2
- 0.0296 ( Re e) (Eq. I0)

2



The two dimrmsiona[, turbulent, incomprv,qsibl.e heat transfer rate carl

then be obtained from equations 8,. 9 and IO as:

-(1.2 . -2/3

_t turb = 0.0296 (Ree) (Pr) (_e Lie, g) (hrec - hw ) (Eq, ll)

The compressibility correction according to tlayes and Probstein
(Reference i0) is

Cf compressible =

Cf incompressible

k/-7-_-ej{_: e*_O'2(--Q -e*)e-0.8 ( EcI. l 2)

w]_ich is nothing more than the ratio of the c_mlpressible to incompressible

momentum thickness. Entering this correction (Eq. 12) into (Fq. Ii)

and accounting ff_r Van Driest's (Reference If) "factor of 5" to the

Reynolds number for conical flow with the selective constant, N, (zero

for 2 dimonsional, one for conical flow) obtain:

k._./

where

0.2

t urb S (-' (Je

0.H

b,--]
13)

Lurb is (Eq. 5, repeated)

_turb

3 3 --w---

= (1 - _ ) h e + h° Ver - h w = (hre c - h )
W turb (Eq.

l 4 )

Laminar Friction Coefficient and Shear Stress -

The laminar friction coefficient is develops,el by t:he use of Reynold's
analogy as follows:

Ec1. 8.3.12 (Reference 10) gives
. 2/3

2 q (Pr)
Cf =

lain _ e Ue ( h h )
re.c W

(Fq. 15)

Using Eckert and Tewfik's (Reference 2) _I value (Eq. 7) combined with

(Eq. 15), get
5

. 9/3 .1/3 [(2N+I) Lie _; ] (l<q. 16)
Cflam = 2 (Pr) (0.35 k*)(Pr) (hre c- hw) -_---w-- S _

[- -Je

e Ue (hrec - hw) CP W

8



Which, with the B1asius constant (0.664) replacing the constanL in

(Eq. 16) (2 × .35 = .7), becomes

1

* ]"
Cflam = 0.664(De CP*eCPW [(2N+t)U e (_';S _e,) "(QRTL)

(Eq. [7)

Tile Mangier correction from two dimensional to conical flow (_ 3

is accounted [or by letting N = 0 for 2 dimensional and N = 1 for

conical flow. The laminar shear stress is given by

2

r = 0.5 Cf _e Ue
L am L am

Laminar Shear Stress and Friction Coefficient on Cone at Angje of Attack -

Since the progr_n considers cone/cone bodies at anFle of atl-ack, it:

_s necessary to correct the conical (thoul;h not tlm wedge) CfLam and

rla m to include the effects of crossflow. This is don_. as follows:

In accordance with the assumptions defined on page 4 of Referenc(,

12 (also, see these assumptions in Appendix A), the l)oundary layer momentum

equation yields

2 2
r w L = _e U ( 0 dL + L dO__) = _e Oe d (0t,) (Eq. lq)

e d s d s d s

For a flat plate in laminar, incompressible flow

+w = O.332 Pe toe Ve (Eq. 20)

Ue S

and

0 = 2 rw SIoe,- U2e (Eq. 2l)

I

k_./

NOTE TIIAT 0 = boundary layer rnomentum thickness

0c = cone half-angle

Combining equations 20 and 21 by e!imip, atlon of S

0.2204 Ue /ae (Eq. 22)

- 9 -



rw inc ] = 0.2204Wc°mP L 7
w comp

( Fq. 2 ¢)

substituting (Eq, 23) into (Eq. 10)

2

0.2204 Oe We L_ = _e Oe
0

d (OI,)

d s

( Eq. 24)

or

0.2204 #e L 2

_s Us

ds

: (0 I,) d (0 L)

but

L: CS
Tan (0c + _)

Tan 0c

(Eq, 25)

SO

2][]
O. 2204 jae SQe Ue

2 Tan (0c+C_] ]

Tan 0c

[ ]l+ 2 Tan [-07 4_)

Tan 0c

022 C2 (S /

W<,,o J
C

( I::q. 26)

also

On_ = O. 664
-O I s_e

£: Ue s 4_
(Eq. 27)

i

<_t

therefore

O ('cz = O)

0(_ /= O)
t + 2 'ran (0 "' +2 Tan (0 c +_)

Tan 0c

(Eq. 2_)

• /

/

10 -



or, finally,

-
2 Tan(_c +a)ll

5_ o = a _/ o = I + Tan Oc

3
= 0 Lain rw_= o Lain

(Eq. 2_))

The above expression is termed QRTL in the program. From Reynold's

analogy, (Eq. 29) is also the correction for the heat transfer rate on a

cone windward generator when tile cone is at angle of attack since the heat

transfer is proportional to the friction coefficient.

Turbulent Friction Coefficient and Shear Stress -

The shear stress equation for a flat plate _n turbulent, compressible,

flow (based on t he Blasius solution given on page 536 of R_,ference 9) Ls:
514

(o.o125)_e Ue 2
1-11

rturb= Lf(m)J (2 l)im., romp.) (Eq. 30)

( Uet, e ) 5. O T;

The flat plate momentum t:hickness is (See Appendix A)

0.8
0.036 f (m) S

0 = (2 Dim., Comp.)
0.2

( Oelu e )

(Eq. 31)

Combining (Eq. 30) and (Eq. 31) and introduc{ng the Van Driest (Reference

ll) correction for conical flow (again, in selective form)

, -1 0.2 , 0.8 [.8

rWturb = 0.0287 [(I+N)s/_e j (_e) ( U e) (ORTF)
(Eq. 32)

Compressible; two dimensional' or axisymmetric where, as before, N = 0
for two dimensional and N = I for cone flow

The local friction coefficient is, then,

2 T

Cf = Wturb
2

turb _ e U e (Eq. 33)
f

i

/
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Turbulent Shear Stress and Friction Co,,ff[cient on Cone at Aui_le

of Attack

The development of the turl,ulent crossflow effect at the windward

generator of a cone at angle of attack is taken from unpublished work of

Dr. Joseph Sternberg and is presented in detail in Appendix A. Summarizing

the results:

[cf l....... ( Eq. 34)

without crossflow Turb Cf wi_thout erossflov_ Turb

The development of Appendix A leads to:

with crossflow 0.2

without crossflow

where

k = 1.25
2

: QRTT : 0.85 (I + K 2)

Tan (0 c + a) ]

( Eq. 35)

Effective Surface Distance on Downstream Bodx_Shgpe (Lain. and Turb.)

Since there is a discontinuity in the boundary layer flow at the

shoulder between the forward and aft body shapes and since the heat

transfer and friction forces on the wall are dependent upon the boundary

hayer growth, it is necessary to derive an effective body coordinate, $2

M!NL or S2MINT, which WIll account for the flow discontinuity.

I. Turbulent Boundary Layer

For the case of the turbulent boundary layer, the development is

based upon the assumption of equal momentum defect across the

expansion; that is

2 2

_i t]I Ol = _2 U2 02 (Eq. 36)

where the subscript 1 refers to local stream properties upstream

of the expansion and 2, downstream of the shoulder. From Reference

9

2 2 2 2

Ol _I UI = H1 _1 UI and @2 _ 2 U2 = t{ 2 _2 U2

61 _2

(Eq. 37)

!

/
J
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v

which, combined with (Eq. 36), yields

=
2 !

2
_t £t Ut

Ii2 Q2 U22 ( Eq. 38)

but

max

* 0.2 , .8 0.8

O,0314 (/_t) ((_l) (S 1 max )

0.--2
I11 UI £1

(Eq. 39)

k._j

and also

62 = 0.0314 (
2

0.2 , 0.8 0.8

) (£2) ($2)
(Eq. 40)

or

S =

2

.0314 ( _ )
2

* 0.8

2 .

(Eq. 41)

but substituting 62 from (Eq. 38)

0.2

$2 = S 2 HINT= U2) f2 l max
mi nturb

*)0.2• 14 ( /x 2

lit £t U12

2
_02 II 2

(£.2) o.8

(Eq. 42)

combining (Eq. 39) with (Eq. 42)

S 2 MINT =

where _ =

f£tk _0.

1 .25

(Eq. 44)

1 + K21

1 + K22
( l':q. 45)

25

( Eq. 4"1)

i

/
/
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Tan (ec +a)
but K = I

21 Tan Oc
i

K22 =

Tan (Oc +o )
2

Tan 0
c 2

(Eq. 46)

So combining (Eq. 46) with (Eq. 44) and (Eq. 45) and simplifying, get

T,,n% [Ta. %l + +" )]

Tan OCl [Tall 0c2 + Tan (@c2 + _)]

( Eq. 47)

and combining (gq. 47) with (Eq. 43), one finally obtains

S MI NT =2 __ ul _ (sI )
2 U 2 _-_,_ / max

0.8

1.25
( Eq. 48)

Where $2 MINT is the initial value of S for the downstream body, assuming

turbulent flow.

2. Laminar Boundary Layer

Starting with the laminar boundary layer thickness equations

on both the fore body ( sub = i) and aft body (sub = 2)

2 O. 664 S Cp t'
61 = _l UI (" l ) 1 (l+2N) £1 #1 (_! RATI)

max _ Res t Cew1 £1 _1

2 = _2 (J2 2 ( 0.664 S 2 P2rain ) (l+2N) £2 /*2 (_t RAT2)

Cp £2 "
V R w 2 2

es 2

( Ect. 49)

(Eq. 50)

with crossf tow
where _ RAT =

_t without: crossflow

61 _2
Then, to avoid a discontinuity at tlm slmulder: max = ,nin

or, equating the right hand sides of (Eq. 49) and (Ee l, 50) and simplifying,

one obtains:

i
/

14



r _%lJ L-eZ-.-7
I.

i )

RAT 1 2

RAT 2 Lain

( Eq. 5l)

Prandt 1-Hey.er_r Expansion -

AIL flow conditiops upstream of tile expansion are known as is the

expansion angle (from OCl - 0c2). Tile progr_n has calculated the velocities

on both the fore (VI) and aft (V2) bodies assuming asb_iptok[c pressure values.

A velocity step, DELV, is then calculated from

DELV= iV2 VI 1

12

This DELVis used to calculate that value of A @ which will yield the

DEI.V value. The program then sums up the A @ values and compares this

sum to @c I Oc 2 (the total deflection angle). Wqlen>-_AO > (1)Cl - 0c2),

the machine reverts to the last step and recalculates that value of A 0

using DELV/2. This process is continued until the first reading at which

A 0 is again less than (Ocl - 0c2). The machine method is diagrammed

in Figure 4.

Calculation of Shock-Expansion Press1_re Distribution on Downstream

Cone -

Jt is of interest to calculate the pressure distribution on the down-

stream cone such that additional calculations may be made of the heat

transfer (in a pressure gradient - using a program such as NZLDWOOI,

Reference i) if the diffdrence between the pressure dJstril)ution and the

assumed constant (asymptotic or P-M expansion) pressures is sufficiently

large. For this reason, the method of Syvertson and Dennis (Reference 13)

is included in this progrmn and the desired pressure distribution on the

downstre&n_ cone is printed out. The method is briefly outlined here. Note

that it is only valid for negligible angle of attack!

The program has already calculated the asymptotic external-to-boundary

layer properties on the fore cone and the aft cone, as well as the Prandtl-

Meyer expansion properties on the aft cone. For the purpose of this section

(only) asymptotic cone properties are subscripted with a "c"

i.e. Pcl' Pc2' etc.

While the downstream properties derived by Prandtl-Meyer expansion do not

have the c subscript.

i.e. P2' 7 2 ' M 2, etc.

i

l

• i
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Fi+rst, the paral,eters g2, [_I' _ '2

B2 =

_I =

_l =

2

_f2 P2 M2

2

2 (M 2 -I)

and r are obtain.ed from

t + (*/Cl - t) M 2 I

I c I
Mc 2

l

(?ct + t)

2

2

l 2

bl2
('Y2 + t)

2

Yc l + 1

2%1-l)

(Eq. 52)

( Eq. 53)

( EcI. 54)

r = S SIN 6'
l I

(Eq. 55)

Then x

61' = Fore cone half angle + angle of attack (Oct +o)

' = Aft cone half angle + angle of attack (Oc 2 + a )
62

and the pressure gradient is

2 r +,]SIN
2

Now, for each station on cone 2 (the downstream cone) solve

( F:(I. 56)

(Eq. 57)

(Eq. 5B)

Then, the local pressure is defined by

local on cone 2 • -+]= PLflCC2 = Pc - (P P2 )e
2 c 2

(Eq. 5q)

I

• /
t

16 -



A ._umnlary ul- the input format and d(,fini{.i(m of inp(_t, ir(,ms aim

u_il.,; i.s pres(:,nted in Figtire 2. "I'lw input [s quit(: ,_;[mp[e, consisl _al;

of nn}.v two or tl_rPe card types. For the preb£cm whic:h invui\,es rreu

fl.ig}_t i.n a_r, (,lily two card typ_.s are rL,(ilJired. For any caqe ,..;htch

c,-J_sfder:; a colw/conn or wedL',_'./w('(lge conf'ik',tlration which sat isf/e:; the.

c,m,.l[tiou tl_at Che ,lawl_stremn b_,dy anEle is less theft the _]p_str-_..,Lm body

angle but which Js proceeded i'4 the [;lot,: by some arhi_ r;tril" sI_ap¢._!,

e[f,::'t i':r.l-: iloll-})lur_t body, a tI,ird card type, i_ r_.ql_ired. .qimiI _r[y,

CIie tIJir,1 L>po il,ptll calrd is i_(:[u(lpd if the prol_lum (tl\,t_lve:; ,'1 trine/

cone or v;f,c!;;r:lwedgr: [)qdy rllll i. ll a wi_d tlllll;f.] wh(_so flui(l Ill('(]il.lill iS AiF.

TI_c: firsL input card typ_._ consists of only om_ c,-.rd I_r tach pr:'!_;c::'.

,and (r>nt-:tins tw(_ [:esk nl!r,,l})ers ;lied t]lp prol,l_.m LiLle. T}_(. [irsk k(sk :;_:::'.:.,-:

(fi:.:,,d pc)i_fl, in ('r.)luIh[l 2) recl_tires a zr, ro if tho hod 3' .qhap,:. is I_..x_ qi,,-

(_ai_,n:tl. (t.:(.du, e/,.,:edge) or tlm digit "one" ir Lhe flow i_ cortical :c()_:,:/

ceres.). -If lhe probt_,m is cov.cr.rnr<l with a body fl.'>,ing ;,n air (Ihat is,

the, .stream properties pro:ceding the body ha.so, ar,. the act:t:al flight fr,:r:

st rowe propert [ c,s ) , t he s econd test number is (.r_l ered qq zt.ro and no

tyl._t_ thr<:c, cards are used. "I.r, on tlt_., oLher h:uxl, the t,ody sat ist-i, cs the.

cm,,e/c_ne (or w:::d_,,e/wedge) shape requiremc, v, ts but is ei. th_,r rlil3 [:-i a :..:i,.t!

tt_r,,r_(_l (air only) or hs_.s additional body structure t_p.,_;t_re,'m_o[:'_M tbats

efiTect:/p.;Z the flow over the cone/colle (wedg,-.lwndge) portia,n, th,: s,_cc_M

test nt,ml)er (c('lumn 6) [;; entered _is the digi. t. "oa,:" a;d the pro[;r4m

data ink]st i_c[t._le the type three c;lrd.

Th(, sec(}_d input card type consists of four cards p_,r p,.ol)lcm al;{1

contains the fli.gh/_ c(}ndJ, tion.q and I_he body [;_.ometry. Tht. d.:,ta c._l[(,(I
ioul r;n theg_, cards is e_tered four [I.f:ms I{_ a card ([,u- [h<. f[r.{_ [,',t_t.

c,._rd4) a_,d _22_e it(:m on the fourtl_ card; in co_ltih, u(_t:; f iel.ls of I _3

( float il_[, poi_ll:). There are aI._;o t:l_rr.efJ:<_,d point item:_ gol tt_..'int; 1.1_. si_;'.l_.

f[o_[i_4; po]nl, itieu_ .qr_ .the £c,t_rth car(. TI_,_, (!a_a s., [;_[.ul. is sl,,,_./_ i_

T:tb[e [ :.,,l;[ch summarizes the entire p_op, ram input:.

I_q)ut card type tl_ree is _sod o_}]y whv_t it is des;red to specify a

pre-nosc: shock env[rot_ment other than tlmt dnri-ed fr;m rhr_ inpl_L

aitit:ude and the [:)50 ARDC at:mosphr..re (i,_TT!N :: l). Thf.a card type,, cou:_i_L._

of only _r:e card p.':r problem which calls tht_ d_-sir,,d "i'rc,_ strv;'_:," (,_!:,._d

of the nose shock) prc.,ssure (columns 1-]5) ct_d t{'|4imt'I_il:tli(! (colllr?lns 16 i:)'_

(b(_th f]{_atirlg point).

It shoul, d be noted that the nose shock wave angl._, is nat a progr_w

inpl_t buL is obta_ ned From the c,'..n{, data of ]'.1ary Romi.z (Rcf,,r,.:p, ce 14) f,_r

• _ + a) > _ and from Referent(, I) fr, r ,xl S.,,_ (9c + _) <S

_lhe data of Romig is estimated (;_dequal:_ly) fr_m_ tlu-_ t,.l_t {on.

0 = S[N -1 I1./)027 N_,_;IN (Oc -+,,) , (1.55,,71

t _,I. j

'i'lti,_, op_,.r:ttJon is p+,rl:onl, x] t,y the pr_u,,r,,t_. ]f t]_e fl_.:.., i:_ t,..,,_, _lim,'_;i,.r:.r,],

I I_r' l'_'tl _;_,, ;_nd (:{,(_l< (h,t.a (,t" Rul-,+r_.r_('_. I(, in u::t'<l (tl_e {+_r,,,,. I+it t_l Its, ::_

,lala is j.,i,,,_,n tu App_,IMi× B, l'k I. B t2).
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Note that. tlm counter "LDW" (column 21 of card 5) is nnrmally left

blank or given a zero value. This allows the system program interrupts

to occur, If it i.s desired to suppress these program interr_q)ts, a "l"

is placed in col. 21, card no. 5.

0 UTP ur

}ler #, :

The output cnnsists of tlm following section labeled as shown

a. Input Data,

b. Free Stream Properties.

c. External to B. Imyer Properties on Fore Cone (nr W_.d_e) (Asymptotic

Pressure).

d, External to B. Layer Properties on Aft Cone (or W_,Ig_.)(As_nptotic

Pressure).

e. Externat to B. l,ayer Properties from P.H. Expansion to Down

Stream Cone (or Wedg(,).

f. The Values oF ORTI,I, QRTI,2, QRTT1, QRTF2.

g. Walt Properti_,s on l"orcbody,

h. Reference Properties on Forebody.

i. Down Stream gody WalI and Reference Properties

j. The Values of S2MINL and S2HINT.

k. Heat and Shear Data on Forebody (includes Loeat Reynolds No.).

I. tteat and Shear Data on Aftbody (LnciudesLocal Reynolds No. and

Local Shock Expansion Pressure for Conical Body),

The print-out terminology including dimensions ts given in App(,mlix

E, (page 44).
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=

SYHgOIS

a

B 2 =

CF =

C =
P

g =

h =

ti =

I1 =
S

k =

K2=

I, ---

M=

N=

NU=

12 =

PLOCC 2 =

P r =

QRATL =

QRATT =

r ---

Re=

S --

!
S =

S
t

Speed of sound (ft/sec)

Defined in Eq. 52

Friction Coefficient (-)

Specific lmat at constant pressure (I;.t:.II/lbm °K)

Acceleration of gravity = 32.174 (ft/see 2)

Enthalpy (B.t.u./Ibm)

O/6

Defined in Eq. 3

Coefficient of thezlnal conductivity (B.t.U./ft sec OK)

Defined in Eq.'s 46

A character [stic body length (ft)

Mach number (-)

A counter: = 0 for wedge flow; = I for cone flow

Nusselt number (-)

Pre._,_ure (atmospheres)

Shock-expansion pressure on downstream cone (atmosphere)

Prandtl numb'er (-)

Heat transfer rate (B.t.u./ft 2 sec)

(q with crossflow/q without crossflow) for laminar boundary

layer ( - )

(q with crossflow/_ without crossflow) for turbulent boundary

layer ( - )

Flow deflection distance (local co;m radius) (ft)

Reynolds number (-.)

Surface coordinate distance from nose apc_x ft)

(PT*) 213 (-)

Stanton number (-

19
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k_J

S 2M] NrL=

S 2 MI NT:

So=

SI=

S 2=

T-__

U or V=

])ELV:

DI:.L:

.7-.=-

Of=

3=

7=

77=

O--

Oc=

0
s=

#_

V --

e=

T -----

9t =

Q2 =

Effective boundary layer build-up distance just downstream of

expansion (assumes a constant momentum defect across the expansion)

for laminar boundary [nyer (ft)

Same as S2MINL hut. for turbulent boundary layer (ft)

Surface coordinate distance from nose apex to fore body - nose

shou[der (ft)

Surface coordinate distance .from nose apex to forebody - aftbody

shoulder (ft)

Surface coordinate distance from nose apex to aft end of aftbody

(ft)

Temperature (°K)

Velocity (ft/sc'c)

V2 - Vl

Fraction by which P and T are stepped in tht, sl,ock routine (-)

Compressibility Factor (-)

Body angle of attack (deg)

Defined in Eq. 44

Specific heat ratio (Cp/Cv) (-)

Boundary layer thickness (ft)

(0c + _) (See Eq. 56)

Exponent defined in Eq. 58

Boundary layer- monlel_tum thickness (ft)

Body half-angle (deg)

Shock wave angle (dog)

Dynamic viscosity (lbf seclft 2)

Kinematic viscosity = _/_ (ft2/sec)

Density (Slugs/ft 3 = Ibf see2/ft 4)

Shear stress at wall (ibf/ft 2)

hre c - h (B.t.u/Ibm)
w

Defined in Eq. 53

Defined in Eq. 54

2O



k_/

Subscripts :

e _

c om p=

e--

i no=

Ia/_F

rec.--

turb=

o_-

I=

2=

conical body

assumes compressible [].ow

local, external to boundary layer value

assumes incompressi.ble flow

considers a laminar boundary layer

at boundary layer recovery enthalpy (htota I X recovery fa_:tor)

(als_ see Eq.'s 5)

at local, S, position at or near the body surface

considers a turbulent boundary layer

at walt temperature and [ocal pressure

evalllated at stagnation or located at stagnation point

refers to upstream coue or wedge

refers to downstreaun cone or wedge

at free strewn (ahead of nose shock) conditions

at zero degrees angle of attack

at angle of attack greater than zero degrees

Superscript :

* = Properties evaluated at local reference enthalpy a,_d pressure

(see }!',q, 6)
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Known: AV, 0 and all sub I values
c 2

=

Start

V 2 = V I + AV

P2 = P1 " _l Vl (V2 V )
l

T 2 = T I + (h 2 - h I) /CPl

lwith'P 2 & T 2 call ANAURP ancl_
I get CP2 and-_2 1

= Cp +Cp A i Cp 2

2

CA VA = _I VI + _2 V2

2

P2 = P1 -eA V A (V2-VI)

T 2 = T I + (h 2 h I) /Cp A

[with P2 & T2 call ANAPRP and
get CP2' _2 _ SR2' A2

.......... -4_ C_ 2

....... T2 = _ DT 2

2 2 .-Ti"II_- ..... _ix___ V2 2

-_ L AZ v 1 _2V2

0 c = 0 + DO

I Cl._

...... -_- 2

CONTINUE

(Sub 2 properties from last entry into ANAPRP are desired values)

FIGURE 4 FLOW DIAGR_I OF REAl, GAg PRANDTL-MFXF!R
EXP AE_;ION

20

NOTE: Test (not

shown here) causes

program to accept

last negative valu

of I(Oc 2- Ocl) -

negative to posit-
ive.

f

/
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APPENDIX A

EFFECTS OF CROSSFI.OW ON CONE IIIr.ATING AND SHEAR STRFSS

(The following derivation is taken from unpublished work of

Dr. Joseph Sternberg). The "bleeding" or "thinning" of the boundary layer

arising from the crossflow associated with placing a conical shape at angle

of attack causes significant increases in both the heat transfer rate and

the wall shear stress. Therefore, the following method is used in the program

to account for the cross flow.

According to Reynold's analogy, the heat transfer is proportional to

the friction coefficient (Cf) or

q with crossflow

axisymmetric

= Cf with crossflow

Cf axisymmetric

(Eq. AI)

where Cf is proportional to the momentum thickness to the minus _ power

(Cf_ 1 ).
0.25.

At angle o_ attack, the boundary layer on the windward side of a cone

will be thinned by the crossflow. A simplified theory can be developed for

this effect provided lihe following approximations are valid:

1. The boundary layer thickness is much smaller t:han the body radius
(6<<R).

2, ]'he boundary layer velocity distribution can he represented by a

i/7 power law, i.e._U_: [Y/6 ] 1/7
Ue t J

<_J

3o The spreading of the stremntines in the vicinity of tlm windward

ray can he represented using the Newtonian velocity distribution
for the crossflow.

Consider the flow in the vicinity of tl_c windward ray, where (S) is

the distance along the windward ray and (,_) is the distance nolnnai to S

along the surface (figure 3A). The momentum equation for the boundary

layer flow is then

r • 0 - d qs Us 0._ = _s0 s (Eq. A2)
w _ ds ds

where:

s = density outside boundary layer

Us = velocity along S outside boundary layer t

i
1
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J, = #/_ outside bofindary layer

_) = local momentlml thickness of boundary layer

r = local frict:ion at the wall
W

•_ = a characteristic body surface distance

For a compressible boundary layer, mm may write

r = (0.0125) _s Us 2 [f (m)]5/4
W

where f (m) is a Mach number correction

f (m) = Cf comp. (g inc _ _
Cf inc ~ 0 c_7gmp]

combining Eq. A2 with Eq. A3, get

c 0I,,) _7 ._,;(-t

+ j)dO

ds

(Eq. A3)

(Eq. A4)

( Eq. A5)

| J
For a cone at zero degrees angle of attack

d _ = 27r dr

ds ds
(Eq. A6)

and equation Eq. 715 reduces to

5/4

0.0125 [f (")J = o + d_ <r,.q. ,tT)
( O,,v )-_; 9 <v s ds

The sol.ution to Ert . A7 is in good argremf, nt witl, the earlier rr.sults
of Van Driest (reference ll),

In the more genoral case, the local streednline spreadinp is given by

the streaanline angle, Uc/ Us ' where Uc = the cro.ssflow veloeit'y (i_ the

".direction - figure 3B). U s = the flow component along S.

"t_"

crossttow (figure 3B) in which
Uc is obtained from the "'"

= the angle of attack of the ray

= the cone half angle

R s = the local body radius

Rs = Rb/C°S _

31
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Assuming the Newtonian approximation for tile crossflow

d G_ = On/R (V.q.A_)
d ._ s

A more accurate representation of the crossflow would be obtained by

using a constant density stagnation point solution, llowever, the use of

the Newtonian velocity gradient results i.n a stre_unline divergCmce angle

which is consistent with the cone at zero degrees angle of attack. Then

0s --- R_--_ Os - dsd_
( Eq. A() )

where

%

Gs

- Tan a and R b = S SIN

Thence

5/4

0.0125 [f (m)] =_0_0__ Tan a

( 0/_ ) -_---o-_+. s Tan........
+ d 0

cl s
( Eq. AIO)

a j

Nc_9 introdueint a new variable

5/4

V:O

and letting 514

0.01.25 [f (m)]
A=

I-
( 01_ ).",

( l';q. ,'\ L i )

(Ec I . At2)

Eq AIO transforms to

ds 4 S Tan 3

-5_
4

A-- 0 ( Ect. AI 3)

The sotutfon of Eq. AI3 Is

-k 2
V= CS +5 AS

4 l1 +
(Eq. AI 4)

where

K : 5 Tan c_
2 --

4 Tan _7

Then considering that V = 0 for S = 0, C : 0 and there restilts

- 32-



g =

0.0359 f (m)

(U/v ) ].15

415

S

[I + K2] 4/5 ( Eq. AI 5)

± For a cone at zero degrees angl_, of attack, K 2 = _5 and

0.036 f (,n) S 415 4

@ = or _) cone - 0.52

(_)/v ") I/5 O plate
(Eq.s A16)

which agrees well with Van Driest's result.

Then, for the same distance, S, and the same local flow on the windward

meri(Han, the thinning of tile boundary tayer on a cone is _,l.v.n," e by

_a - __._g_ =

ga : 0 @c

where

1 .ql

c__: _ and -_-q---- = 1
_a = 0

(Eq. AlT)

Therefore

with crossf low
= 0.85 (1 + K 2)

_t without crossflow

where

K2 = 1.25
[Tan (9 c +e_)]
Tan O c

0.2

(Eq. AIR)

(Eq. AISA)
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APPENDIX B

TtfE REAL GAS OBI, IOI/E SIIOCK ROUTINE (ttYPERSONIC)

This appendix presents the real gas (in equilibrium) oblique shock

routine as it is programmed. First the theoretical derivation is given

and then the method used to force convergence.

DERIV ATI ON

The oblique shock relation (Eq. 7.12,12, page 269 of Reference I0)

P2 - Pl = _I VI 2 SIN 2 @s ( [ - _--_[2) (Eq. BI)

is divided by PI and tile retati, on

_l V12 = 7

PI
I Ml 2 SIN 2 0s (Eq. 132)

is introduced to yield the following fo_n of the momentum equation:

P2 2 2

M SIN 0s + I (Eq. B3)-(I 1)
PI _2 l i

From the I{ugoniot relation (see, for example, Fq. 1.4,7, page 1"2 o[
Reference I0)

h2 hl = P2 - PI ( _t)2 _I I + _ -- _ (P2 PI) (C+ t ) (Eq"B_')-'_2

combined with (Eq. 1.4.5b, page 12, Reference 10)

P2 - P1 = e 1 v 1 ! - _1 (Eq, B5)

to get

h2 h 1 = V n

2

dividing Eq. B6 by h 1

h2 = I + Vn 2

hl 2

(Eq. B6)

(Eq. B7)

but

2

V = ( l) bl
n _1 l

2
SIN

2
0
.q

(Eq, B8) i

i
/

}
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SO

2 2

h2 i + (VI-[) Ml SIN 0 + I [EN_:RGY] (Eq B_))
hl 2 s

Since momentum and energy (normal components) are conserved across the

shock, one can write F_4.s B3 and B9 in the form

M= P1 - -_7 Yl 1

and

E--"1 1 {._t_ 2 M_ s_N o + _ -hz (Eq. _11)
. s

The method consists of assuming a pressure and temperature behind the

shock (viz. a shock angle, gs ) and solving Eq.s B[(] and BII t:o obtain M and

E _ O. This is, of course, an interative proceedure.

FORCED CObNERGENCI'; METtlOD

The following convergence, method is used to determine the oblique

shock angle - hence (]ownstre_n properties:

i •

(Wedge flow):

(cone ftow)

An original estimate is made of 0s from curve [it equat{ons for

the shock angle in two dimensional or conical body cases.

+ .3,q89 (Eq. BI2)

bl1

SIN gs = 1.0027 SIN Ocone + .5567

M1

(Eq. B13)

2• Using the applicable Os from Eq.s ,_12 or B13, values for PTWO and

TTWO (downst:ream of shock pressure and temperature) are estimated

2 2

SIN 0 s - ( y

,|sing

P2 = P1 _2 _1 M1

V t : V i cos 0 s

2

tl 2 = tlTOT - (V t /50123.)

i)) / ( Yl + 1))
(Eq. BI4)

(Eq. BI5)

(Eq. B16)

and then,

T 2 = H 2 / .432 (Eq. BIT)
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These values of P2 and T 2 are the ini.tial estimates, with which one

enters ANAI'RP (Mollier Subroutine) and obLa[ns _ 2 and (thence)QI/Q2 .

3,

velocity are then solved For M and E.
SUB 2 = downstream of shock)

M PI [(I Qi/ %)Y I MI 2 2 ]= - SIN O + 1 " P2
s

e = hI 1 (Ptl e2)2 I - i M 1 SIN 0 +
2 s

Tile momentum and energy equations for the normal component of the
(Note that SUB t = free stream and

( Eq. BIB)

1 ]-h 2 (Eq, BlO)

.In order to conserve momentum and energy ()normal components) across the

shock one seeks M' = E' = 0 or some values acceptably near to this

identity. Thus define

F (M')2 ' 2= + (E) (Eq. g20)

! I

and if F-tO _< O, the values of M and E are acceptably near to zero and the

post shock values are obtained from the values of P2 and T2 from Fxl.S Bl4

ant] B[7 and the value of 0s from Eq. BI2 or BI3 is the correct shock angle.

4. If, however, F > I0, one seeks to alter P2 and T 2 in such a manner

as to converge F to a value less than I0. To accomplish this, first obtain

a mathematical statement for the rate of change of H and E by differentiating

Eq.s B7 arm B8 to get the following four relations:
2

= P1 1 M1 SIN 0 & Q2 (Eq, B22)

\ 8T2}P2 s . ok T 2 P2

E = h - 1 ,It:: : . -rI s:N

T2 2
2 T2

P2 " "

B24)

It is necessary to use multiple entries into the blollier data (ANAPRP)

in order to define all partial derivatives on the right harm sides of Eq.s

B21, B22, B2S and B 24.

Thence define

P2A = PTI_ + DEL (PTW0)

P2B = PTW@ - DEL (PTW_))

T2A = TTWO + DEL (TTWI0)

T2B = TTWO - DEL (TTWO)

Eq.s (B25)
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Nowwith PTWOand T2A enter ANAPRPand get RII(_21,I_2l
with PTWOand T2B enter ANAPRPand get RII¢22, 1122
with TTWO and P2A enter ANAPRP and get RtI_23, 1t23

with TTWO and P2B enter ANAPRP and get RII_,24, t124

One can now define the desired partiaIs as

(_I| 2) = I123 - I124
_-_2 T P2A - P2B

2

(Eq. B26)

(8u2"<) :
P2

If21 - H22

T2A - T2B

( Eq. B27)

_}P2 ] T
2

RH_23 - RH_24

P2A- P2B
( Eq. B28)

P
2

= Rlb321 - R!.{_22 (Eq. B2(t)
T2A - T2B

Equations B26, B27, B28 and B29 are used to solve equations B21 thru

B24. One now defines the change of energy and momentum as:

k,_j

and

= + 0-E &T 2 = EdE 0- E .A P2

T P2
2

(Eq. B3[)

Solving equations 30 and 31 simultaneously for AP and AT, get

AP2 = 2@

- ,/oMk
2

<,, T \
(Eq. B32)

k_2

an d
I

i
i

i
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v

A T 2 =

M

42 p T
2 2

(Ecl. 33)

Then P2 an(] T 2 are redefined (using Eq.'s B32 and B33)

P2 = P2 + A P 2

T 2 : T 2 + A T
2

(Eq. B34)

k ]

With the new values of P2 and T 2 from equations B34, one resolves
Eq. B20 and checks to see that F = (M') 2 + (E)2 < I0. The interation

is continued until this inequality is satisfied. At this point all con-

ditions relative to a two dimensional oblique shock are known hence the

external-to-boundary-layer properties on the wedge are known.

It remains only to account for the conical flow field for cases in

which N = 1 (cone case). Accordingly, define

Tan Oc : [2 -%/ _2] tan @
• S
1 ( Eq. B35]

2
2 + ( _ [i _2 ) tan 0 s

Using the values of O s and Q1/_2 derived from the last pass through

the preceeding routine, calcutate the @ci value From Eq. B35. Then define

d 0 s = 0 c - Oc. (Eq. B36)
1

check to see if l!_ I < .002,

0 = 0 +dO
s s s

If ncrt, define

(Eq. B37)

and return to the oblique shock routine. When the inequality is finally
satisfied, define the cone surface pressure as

2 2
Pc = P2 + _l Vl Q-1 SIN Os (Eq. B38)

e2

With this pressure (Pc) and T2 e'nter the Mo!lier subroutine (ANAPRP) and

get SRC (the entropy at Pc and Tc estimated by T2). Now, since the post

shock (sub 2) and external-to-boundary-layer (sub c) entropies are equal,

one seeks to satisfythe inequality: !

i
• /
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SR2 - SRC

SR2
< .0001 (Eq. B39) =

, 4 _T

W]len this inequality is satisfied, th(: cone sllrface pressure (Pc) and

temperature (To) are known and thence (tllrough the Moll ier daLa) ;ill

local, cone surface properties. Tf equation B30 is not satisf[o(] define

DSR = SR2 - SRC

DTC = (Tc/CPC) X I'BR

TC = TC + DTC

and go back through the Mollier data, repeating the process ui_tiL Eq. 30
is satisfied.

, +

= 2.

/VC,V_

o 1_t_<,,, tO,t' ¢J,_<..,..,_f--,,.,,,,_,< # -,-,/,<<,,,.V:,es, (,-

t
/
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APPENDIX C

x_j

SUPERSONIC CONE DATA CAI,CULATION

The hypersonic similarity assumptions used in the Cone shock analysis

of Appendix B are invalid when M.,,SIN 0s Ks less than appro×Imately 3.

Thus, another method is automatically subst:ituted for obtai nJ ng the cone

shock and surface (external to the boundary layer) pr[_perties. This method

is essentially a perfect gas analysis and makes use of the curve fitting of

Kopal's data by Linnel[ an(] Bailey (Reference 19). In order to simplify

the approacl_ (and also to assure that the hypersonic analysis will not be

attempted when M._, SIN 0s < 3), the program tests the par_uneter: M,d,,SIN

0c. Wl_en the value of this par_oJneter (which is always smal.ler than Me,,

SIN 0s for a given cone half angle and M_,) is equal to or less than 3, the

following alternate approach is used.

(Reference. !9) equation

Cp = 4 SIN 2 0
C

The pressure at the cone surface is obtained from Linnell and Bailey's

i + 16 _ M_2 I SIN 0c

(Eq. CI)

where

C =
P ( Eq. C2)

or [ 21(£,_, 12 ) (V,.. )
= + P._, (gq.

Pc Cp 2116.2

Note that in this Appendix (C), Cp is the pressure coefficient, sul) ,_,

refers to free stream values ahead of the nose shock and sub c refers

to properties taken external to the boundary layer at the cone surface.

C3)

Data for the local enthalpy at the cone surface is taken from a

curve-fit of Figure 14 of Reference 20. The equation is

Ln hc = 0.40835 H._. c O. 08 ]67 (Eq. C4)

from which the local enthatpy is defined by

h c = In (he) h_ (Eq. C5)
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The local velocity, Vc, is then obtained from the energy equation

I

V =_• (h t - h ) 50123 (Eq. C6)c ot e "

The local density is estimatedfrom (Reference 21)

= 0294 (Pc)

_c (estimated) _ _ l.OZ_ (I- hc

8465

( Eq. C7)

_%...J

and the temperature (also estimated since it is based upon an estimated

density) from

T = 0.684 (Pc / (_c _ (Eq. C8)

est \ estimated l

With Pc and hc known frc_l_equations C3 and C5, respectively, and the

estimated temperatura,'Test, the subroutine ITER is used to correct the

estimated temperature to conform to the two known thermodynamic variables

(hc and P ) using the Mollier data subroutitle hJNAPRP. This latter sub-

routine I:_e_lsupplies all of the remaining external to tl_e boundary layer

flow properties on the cone.

It remains only to specify the cone shock angle which is obtained
from

i i_s = SIN I. - CO_ _c +

_fl. + .5 (_.+ I) (M_ - I) (s_m 2 eclM_

(Eq. Cq )

(This is Equation 9 of Reference 14)

L_/
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APPENDTX D

PERFECT CAq PRANDTI.,-MEYER EXPA_8ION

At low veloc[tles the real gas Prandtl-Meyer expansion routine

becomes inapplicable and indeed blows up. Thus, when failure of this

routine is encountered, tile progr_ml switches to the perfect gas routine

described below.

THEORY

The pressure downstream of the expansion is determined from

equation 174 of Reference 15:

4 r 2

P2 I _'l MI2 2 ( y[ + I) M I - 4 (Hi 1)
--= (A. v) + YI M1
PI 4 ( Ml -2 I) 2

MI2 - I

- "fl bll 2 6

2 (M12_1)3.5 Yl+6 i MI 8 _ 5+7 _'16- 2_I M 1 + 53 (_i + i)

M1 - 2 M1 + ( & _) 3

2

(Eq. DI)

where Av (delta N u) : the change in Prandtl-Mey_r angle through the

expansion

sub 1 : upstream of e×pansion value

sub 2 : downstream of expansion value

7 = specific heat ratio

M = math number

It should be noted that A _ is known from

Av : TFTCI - TETC2 ( Eq. D2)

The program solves Eq.s DI and D2 for P2. Since the expansion is

isentropic, the upstream body entropy is known. Thus, the downst<eam

temperature is approximated by using the asymptotic downstream body

temperature and these values (T2 an(] P2) are used to enter the Mollier data

subroutine (ANAPRP) to get the downstream entropy (SR2). This entropy (SR2]

is then checked against the known upstreom entropy (SRi) and if sufficiently

accurate comparison fails the temperature estimate is alt(,re(l by a new:

estimate:

T2 = T2 + (T2/CP2) .123406 DSR

where: DSR = SR2 - SRI

CP2 was obtained by the entry into ANAPRP

( l<q. 1)3)
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This process is repeated until the entropy check is satisfied. Then all

thermal and transport properties obtained from the last pass tl_rough

(ANAPRP) Lhe Mo[lier subroutine are the aft body, external to 1_oundary

layer propert [es.

k._j

kj
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APPENDIXE

Definition of Synlbols in Program Output

k--/

_._./

AIW=

A2W=

ACI :

AC2=

AINFY:
AI,PHA =

A2C =

CFLAMI =

CFL_I2 =

CFTI =

CFT2 =

CPCVC 1 =

CPCVC2 =

CPC l =

CPC 2 =

CPCV2C =

CPCVI W =

CPCV2W =

CPLW =

CP2W =

CPINF =

CPREF 1 =

CPREF2 =

CPWI =

CPW2 =

DELSI =

DELS 2 =

GAMINF =

IICI =

HC2 =

II2C =

external to boundary layer speed of sound on fore wedge

(ft/sec).

external to boundary layer speed of sound on aft wedge
(ft/sec).

external to houndary layer speed of sound on fore cone (ft/

see) .

external t:o boundary layer speed of sound on aft: cone (asymp-

totic pressure) (ft/sec).

free stream speed of sound (ft/sec).

vehicle angle of attack (deg).

external to boundary layer speed of sound on aft cone (P.M.

pressure) (ft/sec).

laminar friction coefficient on the forebody (-).

laminar frictLon coefficient on the aftbody (-).

turbulent friction coefficient on the forebody (-).

turbulent friction coefficient on the aftbody (-).

external to boundary layer spec f[c heat ratio on fore cone

(-).

external to boundary layer spec fie Imat ratio on aft cone

(asymptotic pressure) (-).

external to boundary layer speclfic heat on fore cone (BTU/

ibm °K).

external to boundary layer spec fic heat on aft cone (asymp-

totic pressure) (BTU/Ibm °K).

external to boundary layer speclfic heat ratio on aft cone

(P.M. pressure) (-).

external to boundary layer spec fic heat ratio on fore wedge

(-).

external to boundary layer specific heat ratio on aft wedge

(-).

external to boundary layer specifLc heat on fore wedge (BTU/

Ibm OK).

external to boundary layer specific heat on aft wedge (BTU/

Ibm OK).

free stream specific heat (BTU/lbm OK).

specific heat at reference enthalpy and local pressure in

the forebody boundary layer (BTU/lbm °K).

specific heat at reference enthalpy and local pressure in the
aftbody boundary layer (BTU/lb:n °K),

.specific heat at forebody w_,ll temperat-ure and local pressure
(BTU/lbm °K),

specific heat at aftbody wall temperature and local pressure
(BTU/lbm OK).

distance between stations to be calculated on forebody (ft).

distance between stations to be calculated on aftbody (ft).

free .stream specific heat ratio (-).

external to boun_lary layer enthalpy on fore cone (BTU/Ibm).

external I:o boundary layer enthalpy on aft cone (gTU/ibm).

external to boundary layer enthalpy on aft cone usin F P.M.

expansion pressure (BTU/Ibm).
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f

IIINFY =

tIREF1 =

IIREF2 =

ItTOT =

IIWI =

IIW2 =

HIW =

H2W =

PCI =

PC2 =

P2C =

PINFY =

PLOCC2 =

PRC i =

PRC2 =

PR2C =

PRIW =

PR2W =

PRI NF =

PRREF 1 =

PRREF 2 =

PSILI =

PSIL2=

PSITI =

PSIT2 =

PIW =

P2W =

QRTLI =

QRTL2 =

QRIFI =

QG LAbI2 =

QSTI =

QST2 =

REYI =

REY2 =

RIIOCI =

free stream enthalpy (BTUllbla).

br:lindary layer reference enthalpy on forebody (BTU/Ibm).

boundary layer reference enthalpy o11 aftbody (I_'CIJlltml).

free stream total enthalpy (BTUIlbm).

enthalpy at forebody wall temperature and local pressure

(BTU/Ibm).

enthalpy at aftbody wall temperature and local pressure (BTIJ/

Ibm).

ezternal to boundary layer enthalpy on fore wedge (13TU/lbm).

eKternal to boundary layer enthalpy on aft wedge (BTU/Ibm).

Pressure on fore cone (asymptotic) (attar].

Pressure on aft cone (asymptotic) (atm.).

Pressu'ce on aft cone from P.M, expansion (atmo).

free stream presstlre (atm.).

local presstlre on aft corm as derived by shock-expansion

method (atm.).

external to hero,davy foyer Prandtl number on fore cone (-).

external to boundary layer Prandtl number on aft cone (-).

external to boundary layer Prandtl number on aft cone frown

Prandtl-Meyer expansion (-).

external to boundary layer Prandi;l number on fore wedge (-).

external to boundary layer Prandtl ntnnber on aft wedge (-).

free stremn Prandtl number (-).

Prandtl number at reference entha!py and local pressure on

fore body (-).

Prandtl number at reference enthalpy and local pressure on

aft body (.-).

recovery entha!py minu,_ wail erlthalpy on fore hody in laminar
flow (BTU/lbm).

recovery enthaIpy minus wail enthalpy on aft body in laminar
flow (BTII/Ibm).

recovery enthalpy minus wall enthalpy on fore body :in turbulent
flow (BTU/lbm) .

recovery enthalpy minus wali enthalpy on aft body in turbulent

flow (BTU/J bin).

Pressure on fore wedge (arm.).

Pressure on aft wedge (arm.).

ratio of laminar heat rate at angle of attack to that at zero

angle of attack on fore body (-).

same as QRTI,I but considers aft: body (-).

ratio of turbuler_t l_eat rate at angle of attack to that at zero

angle of attack on fore cone (-).

Same as QRTT[ but considers aft body (-).

local heat transfer rate from a laminar boundary layer on the

fore body (BTU/ft 2 see).

local, heat transfer rate from a laminar boundary layer on the

:.ft body (BTkl/ft 2 sec).

local heat transfer rai:e from a turbulent boundary layer on

the fore body (BTU/ft2 sec).

local heat transfer rate from a turbtiIent boundary layer on

the aft body (P;TU/ft2 see).

local Reyriolds nutnber on fore body (-).

local Reynolds number on aft body (-)
external to boundary layer densJ, ty on fore cone (slugslft3).
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RI{OC2 =

RHO2C:

RItOINF=
RltOR1=

RllOR2=

RIIOWI=

RHOW2=

RHO1W=
RIIO2W=
S =
SO=

S1 =

$2 =

S2MINI,=

S 2MINT =

SRINF =

SRCI =

SRC2 :

SR2C =

SR1W =

SR2W =

TAL_,! =

TAUL2 =

T ALrrl =

TA/_f 2 =

TC1 =

TC2 =

TETC1 =

TETC 2 =

TEXS C 1 =

TETSC2 =

TETS 1W =

TE'PS 2W =
TI NFY =

TKCl =

TKC 2 =

external to boundary layer density on aft cone (asymptotic
pressure)(slugs/ft 3),

external to bound,'_ry layer density on aft cone (PH pressure)

(slugs/ft 3).

free stream density (slugs/f t3),

density at reference enthalpy and local pressure in fore body
boundary layer (slugs/ft 3),

density at reference entlmlpy and local pressure in aft body

boundary layer (slugs/f t3).

density at fore body wall temperature and local pressure

(slug,_/ft 3) .

density at aft b'o_y %roll temperature and local pressure (using

either P.M. or asymptotic, as user selects), (slugs/ft3).

external to boundary layer density on fore wedge (slugs/ft3).

external, to bound-:_ry layer density on aft wedge (slugs/f. t3).

surface coordinate distance to point b_.ing investigated (ft).

surface coordinate distance from nose stagnation point to

fore body nose shoulder (ft).

surface coordinate distance from nose apex to fore body -

aft body shoulder (ft).

surface coordinate distance from nose apex to aft end of

aft body (ft);

effective boundary layer build-up distance at start of down-

stream hody such that momentum defect is constant across the

e×pap, sion for lanlinar flow (ft).

some as S2MiNI, but for a turbulent boundary layer (ft).

nondimellstonalized free st;'eam entropy (S/R) (--).

no_dimensinna]ized external to boundat'y layer entropy (S/R)

on fore cone (-).

nondimensionalized external to boundary layer entropy (,q/R)

on aft cone using as._nllptotlc aft cone pressure (-).

same as SRC2 but using P.H. pressure on aft cone (-).

same as SltCl but considers fore hody as wedge (-).

same as ,qRLW but tlm aftbody is a wedge (-7.

.local shear st_tess or, fore body for laminar flow (Ibf/ft2).

locdl shear stress on aft body for lami,lar flow (Ibf/ft2).

local shear stress on fore body for turbulent flow (Ibf/ft2).

local shear stress on aft body for tltrbulent flow (Ibf/ft2).

external to boundary layer temperature on fore cone (°K).

external to boundary layer temperature on aft cone (asymptotic

p_:essure) (°K).

fore body angle plus angle of attack (deg.),

aft body half angle plus angle of attack (deg.).

_o_e cone shock angle (deg.).

aft cone shock angl,_, (deg.).

fore wedge shock angte (deg.).

aft wedge shock angle (deg.).

free strewn te.mperature (oK).

external to boundary layer thermal conductivity on fore cone

(BTU/ft sec °K)..

external to boundary layer thermal conductivity on aft cone

(asymptotic pressure) (gTU/ft sec OK).
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TK2C :

TKREF [ :

TKREF2 =

TKIW =

TK2W =

TREFI =

TREF2 =

T2C =

TIW =

T2W :

VCI =

VC2 =

V2C =

VISCCI =

VIS CC2 :

VISC2C =

VIS CRI =

VISCR2 =

\_ClNF =

VISCIW =

VISC2W =

VIW =

V2W =

X1 =

X2 =

]@ICI =

XMC2 =

XM2C =

XMIW =

XM2W =

XMINF =

ZCI =

ZC2 =

Z2C =

ZINF =

external to boundary lqyer thermal conductiviLy on aft cone

(P.M. pressure) (BTU/ft sec OK).

thermal conductivity at reference enthalpy and local pre.qsure

in fore body boundary layer (BTU/ft sec OK).

sm_e as TKREFI but for aft body (gTU/ft sec °K).

external to boundary layer thermal conductivity on fore wedge

(BTU/ft sec °K).

external to boundary layer thermal conductivity on aft wedge

(BTU/ft sec OK).

temperature at reference enthalpy and local pressure in the

fore body boundary layer (oK).
O

same as TRFFI but for aft body ( K).

external to boundary layer temperature on aft cone (P.M.

pressure) (°K).

external to boundary layer temperature on fore wedge (°K).

same as TIW but for aft wedge (°K).

external to boundary layer velocity on fore cone (ft/sec).

external to boundary layer velocity on aft cone (as]nnptotlc

pressure) (ft/sec.).

external to boundary layer velocity on aft cone (P.M. pressure)

( ft/sec. ).

external to boundary layer dynamic vlscostty on fore cone (Ibf

sec / f t 2 ).

external to boundary laver dynamic viscosity on aft cone (as_m_ptotic

pressure) Ibf sec/ft2)."

external to boundary layer dynamic viscosity on aft cone (P.M.

pressure) (lbf sec/ft2).

dynamic viscosity at reference enthalpy and local pressure in

fore body boundary layer (Ibf sec/ft2).

sane as ViSCRI but for aft body (ibf sec/ft2).

free stre&n_ dynamic v_scosity (lbf sec/ft2).

external to l)oundary layer dynamic viscosity on fore wedge

(!bf sec/ft 2).

s_ae as VISCIW but on aft wedge (Ibf sec/ft2).

exr.ernal to boundary layer velocity on Fore wedge (ft/sec).

same as VIW but on aft wedge (ft/sec).

coordinate d:l:_tance to point being investigated along a free

stream velocity vector through the nose stag_ation point for

fore body (ft).

same as X1 but for points on aft body (ft).

external to boundary layer Mach number on fore cone (-).

same as XMC[ but on aft body and using asymptotic pressure

(-).

same as XMC2 but for P.M. pressure (-).

external to boundary layer Mach number on fore wedge (-).

sane as XMIW but for aft wedge (-).

free stream b_ch number (-).

external to boundary layer compressibility factor on fore

cone ( -).

external to boundary" layer compressibility factor on aft

cone (asymptotic pressure) (-).

s_le as ZC2 but using P.M. pressure (-).

free stream compressibility factor (-).
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ZIW =

Z2W =

external to boundary layer compressibility factor on fore
wedge (-).

same as ZIW but for aft wedge (-).

_...J

k_/
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